TAP CHI KHOA HOC VA CONG NGHE DAI HOC QUANG BINH, SO 12

MOT SO NHAN XET VE - DPAO HAM VA - DUOI VI PHAN

Phan Trong Tién
Truong Pai hoc Quang Binh

Tém tit. Bdi viét trinh bay moi quan hé gitia cac f— dao ham; cdac dao ham quen thudc, chi
ra cdc vi du vé ham kha vi theo B — dao ham nay nhung khéong kha vi theo f — dao ham
khdc, cdc tinh chat cia dudi vi phdn —nhot.
Tir khoa: [ — khd vi, dwéi vi phin [ — nhot, trén vi phin [ — nhot.
1. GIOI THIEU

Pao ham 1a mdt cong cu quan trong cta giai tich, c6 nhiéu khai niém dao ham
nhu dao ham Fréchet, dao ham Hadamard, dao ham Hadamard yéu, dao ham Géateaux.
Tuy theo dic diém nghién ciru ma ta quan tam dén cac dao ham twong tmg. Trong g
dung (1y thuyét nghiém nhét ciia phuong trinh Hamilton-Jacobi va 1y thuyét didu khién
t6i uu, ...) 16p ham tron thoa man yéu cau 1a rét it, vi vy ngudi ta mo rong cac khai
niém dao ham bang cac khai niém trén va dui vi phan twong tng. Cho dén nay, da co
rat nhiéu két qua, céng trinh vé cé4c tinh chat dinh tinh cia cac khai niém nay (xem [4],
[6]). Vai trd quan trong cta dudi vi phan con dugc khing dinh qua cac tng dung y
nghia cta chiing d6i voi Iy thuyét t6i wu, 1y thuyét nghiém nhét cua phuong trinh dao
ham riéng ... (xem [1], [2], [3], [4] va c4c tai li¢u trich dan trong d6).

Trong [7] céac tac gia Borwein va Zhu da dua ra khai ni€ém borno —f, n6 1a su
tong quat hoa cho céc to pd thudng gip trong giai tich khong tron. Viéc str dung khai
niém nay hét stre linh hoat, ddi voi timg 16p céc tap con ctia khong gian thi dugc ham
kha vi va cac dudi vi phan khac nhau ctia ham sé nham déap Gmg nhirng yéu cau khac
nhau cua duéi vi phan va phuong trinh dao ham riéng phi tuyén cip 1 va ly thuyét diéu
khién t0i wru.

No6i dung bai viét gom hai phan: Phan 1 trinh bay mdi quan hé giita tinh
L —kha vi ciia ham s6; moi quan hé cua cac dao ham Fréchet, Hadamard, Hadamard
yéu, Gateaux. Chi ra cac vi du vé ham kha vi theo B nay nhung khong kha vi theo
S khac; Phan 2 trinh bay dudi vi phan £ — nhét. Trong nghién ctru nay dudi vi phan
dugc trinh bay theo nghia nhét (nd dwoc ting dung nhiéu trong |y thuyét phuong
trinh Hamilton-Jacobi), dudi vi phan nay khac véi dudi vi phan dugc dinh nghia theo
giéi han. Nghién ctru ciing dua ra mbi quan hé cua cac dudi vi phan £ —nhét, cac
tinh chat dinh tinh cta cac duéi vi phan nay. Trong cac tai liéu tham khao vé
borno A, f— kha vi, dudi vi phan [ — nhét, cac tac gia chi trinh bay khai niém chu
khong néu cac tinh chét ciia dudi vi phan va dao ham. Nhimng két qua dugc trinh bay
trong bai bao nay 1a két qua dugc ching minh trén co s& tim hiéu nhimng tinh chét
thuong théy cua dao ham va dudi vi phan (Nhan xét 2.3; Pinh 1i 2.12; Nhan xét 2.13;
Pinh 1i 2.15). DBinh 1i 2.16 1a sy mé rong ctia Pinh 1i 2.1 trong [10].
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2. NOI DUNG

Cho X 1a khong gian Banach véi hinh cau dong don vi Bva X “1a khong gian
d6i ngau cua n6. Ta ky hiéu x,x déchigiatricna x e X tai X tacla
<X*, X> =x"(x) . Trén khong gian X néu chuan khong tron nhung c6 mot chuin
tuong duong voi chuan 4 — tron thi ta sir dung chuan twong dwong nay. Véi mdi
ham sé nhan gia tri thyc mé rong va quy wéc 13 nta lién tuc dudi (trén) thi khéng
dong nhat bang +oo(—o0) va khong nhan gia tri bang —oo (+o0). Trong bai viét nay,
khi n6i dén mot ham thi dwoc hiéu 13 ham d6 xéac dinh trén khong gian Banach X va
nhan gia tri trong tap s thuc mé rong .
21. Tinh f—Kkhavi
Pinh nghia 2.1 ([7], tr. 1569). Mot borno £ trén X 1a mdt ho nao do céc tap con
dong, bi chan va ddi xtrng tam cua X théa man ba diéu kién sau:

1)X=[] B,
Bep

2) Ho S déng kin d6i v6i phép nhan véi mot vo hudng,

3) Hop cua hai phan tir bat ky trong £ déu chira trong mot phan tir ciia 3.
Giast f,fe X" Tanoi f, hoituvéfddivoiborno B néu f,— f déu trén
moi phan tir cia L, conghialavoimoitdp M e ff vamoi £>0 cho trudc c6 mot

f,00-f)ke.

Cho mot borno Atrén X, ky higu 7, latopd trén X "v6i sy hoi tu déu trén Stap

sd e [1 sao cho v&i moi m>n,, moi X € M thi

hop. Ky hiéu X ;1a khong gian véc to topd ( X 7,7 ).
Ta dé dang kiém tra dugc:

1)Ho F tat ca cac tap con dong, bi chan, ddi xung tdm cua X 1la mgt borno va
goi la borno Fréchet; dugc ky hiéu 7.

2) Ho H tat ca cac tdp con compact, ddi xtng tdm caa X 1a mot borno va goi
la borno Hadamard; dugc ky hi¢u 7, .

3) Ho WH tit ca céc tap con compact yéu, dong, d6i xtimg tam cta X 13 mot
borno va goi 1a borno Hadamard yéu; duoc ky hiéu z,,,.

4) Ho G tat ca cac tap con hiru han, ddi xting tam cua X 1a mot borno va goi
1a borno Géteaux; dugc ky hiéu 7.
Pinh nghia 2.2 ([7], trang 1569). Cho ham f xac dinh trén X , ta ndi rang f 12
B-khavitai X € Xvaco f—dao ham V,f (x) € X néu  f(x) 1a hiru han va

f(x+tu) = (X) - KV,f(x), u)
" -

0
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khi t -0 déutrén u eV véibitkyV e . Tanoirang ham f1a B — tron tai x
néu Vi X=X */, la lién tuc trong 1an can cua X. Khi borno £ dugc thay boi cac
ho: F,H, WH, G thi ta ¢6 cac khai niém dao ham tuwong Gng: Fréchet, Hadamard,
Hadamard yéu, Gateaux.

Theo dinh nghia ta c6: néu B, B, thitinh ,—kha vi kéo theo tinh /3, — kha
vi. Noi riéng néu f1a borno bét ky va f 1a £ — kha vi tai x thi f Gateaux-kha vi
tai X, fFréchet-kha vi tai x thi f 1a #— kha vi tai X.
Nhan xét 2.3. Ta d& dang c6 duogc cac két qua sau:

1) Néu f, g lahai ham S— kha vi tai x thi f+g1a f—kha vi tai X va
Vi (f+9)(X) = V4f (X) + V,0(%).

2)V6i a e ], flamothamkhavitai x e Xthiham «f cling kha vi tai X
vaVy(af)(x) = aV,f(x).
Nhén xét 2.4.

1) Tacd bao ham thirc 75 7, C Ty < 7.

Vi moi tap hf}'u hgm déu 1a tap compact, moi tdp compact la tdp compact yéu,
moi tdp compact yeu déu bi chan.

Tir day ta c6: tinh Fréchet-kha vi = tinh Hadamard-kha vi yéu = tinh
Hadamard-kha vi = tinh Gateaux-kha vi.

2 Néu X 1a khong gian phan xa thi tinh Fréchet-kha vi < tinh Hadamard-kha

vi yéu. Vi trong khong gian phan xa tap dong va bi chan khi va chi khi compact yéu.

3 Néu X=[" lakhong gian hitu han chiéu thi tinh Fréchet-kha vi < tinh
Hadamard-kha vi yéu < tinh Hadamard-kha vi. Vi trong khong gian hiru han chiéu
mot tap dong va bi chdn khi va chi khi né 1a tdp compact.

4 Néu X =10 thitinh Gateaux-kha vi va tinh Fréchet-kha vi tring nhau. Vi
khi d6 ham f kha vi bén trai va bén phai tai diém x nén nd Fréchet-kha vi tai x.

Dudi déy 1a cac vi du dé chiéu nguoc lai ctia 1) trong Nhan xét 2.3 1 khong
ding.
Vi du 2.5. (Ham Géteaux-kha vi nhung khong Fréchet-kha vi)

2

Xy
; nOu (X, 0,0
Chohamsof: [x [ — [ W f(x,y)zlwy2 u (x, y) = (0,0)
0 nOu (x,y)=(0,0).
2 2 2
Néu x=0va y¢0thi‘f((O,0)+t(X,Y))—f(O,O)|: X7y | S|'[X y|=|t|X_.
t | yz+t4X6 y2 ly |

Do d6 vai (X, y) thuéc mot tap hiru han nao do, véi moi &> 0 thi ta tim dugc 6> 0
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- . X° . s ets .
sao cho voimoi t €(0,0) thi | t| _| < €. Theo dinh nghia, ham f la Gateaux-kha vi

ly
tai (0, 0) va V¢ (0, 0) = (0, 0). Nhung

HO.0+x ) -FOO|_ ¥yl
\/x2+y2 ‘ (y2+x6)\/x2+y2
11
Cy)="" 100+ ) -fO0| 1
Chon , . (r,])nth‘l \ Ky ‘—> 2 20khi n— o,

Do d6 f khéng Fréchet-kha vi tai (0, 0).

Theo Nhan xét 2.4 thi f khdng Hadamard-kha vi yéu va ciing khong Hadamard-kha
vi vi ham f xac dinh trén khong gian hiru han chiéu 17,

Vi du 2.6. (Mot ham Hadamazrd-lfhé vi nhung khong Hadamard-kha vi yéu)

Xét trén khong gian Hilbert | = 'x=(x) : x

T 0 n neD,2X§<+oo}.

n=1
Xéthé cacvécto{e,ne 0} cl? véie=(0,.,01,0,.). Taxécdinh mot ham
f: 12— [ dugc choboi f(x) = e, x— .
supy2 , ¢
n>1 L nJ

Taco f(0)=0 va|f(x)—f(y)|l<sup{|2e,x)—2, Y I}<2 x-y voi moi
n>1
X,y € |2 Nén f 1a ham lién tuc Lipschitz trén 1%,
Voi x=(x) el thi Y X<+  nén limx =0 ma (e[ x  nén
nn . n 1 oo N n n
lime,x)=0,tacof(x)>2(e,x)—" véimoine Orh f(X)>0vsimoi X el?.

n—oo n

Ta s€ chimg minh f & Hadamard-kha vitai 0 va  f(0) =0, xét tp con compact V
cia I V&imoi &>0, ton taihitu han cac diém u,.,u trongl? saocho

1 m

Vc Ul B(u,&e/2) trong d6 B(u, r) 1a hinh ciu mé tdm u va ban kinh  r >0 trong
> Véimdi j=1.m, tontai n(i,&) saocho [e, u)|<e/2 véimoi n>n(i,e). Lay
n(e) = max,, N(i,e). Véimoin>n(e) vavéimoiv €V . Taco

(e, vi<Ke,,v—u}+(e,, u}<e.

1 . .
Do do2(e,tv) - <2¢|t|voimoit e [J,veVvan=n(g).
n

n
Pit K=1+ Sup{ v
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}1 véi 2Kn(8)
veV

va [t
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2<e,tv>—1<2 vt|— . <0.

1 n n (@ 1)
Do do, khi |t [< vaveVthi f(tv)=sup 2(e ,tv)— " <2¢]|t].
n>1 <L n HT

Suyra 0< <2¢, néu|t|<

f(0+tv)—f(0)‘: f (tv)
t t

Hay lim T C+ ™M =TO) 42 renv ev.

t—>0 t

Vay ham f Hadamard-kha vi tai u=0va f/(0)=0.

N C s 1 .
Ta thay rang (e,), hoi tu yéu vé 0 trong | ?, xét day (t ), véit, =— N € L), rorang
n

t — 0. Néu f la Hadamard-kha vi yéutaiu=0  thi
f(0+te,)— f(0) _ f(te,)
t, t,

— 0khi n— .

Nhung

f(tnen):nf(en\: [ e>_11 ( en>—1]
=t} .
t ") | mj

voi moi n >1.
Do d6 f khéng Hadamard-kha vi yéu tai u = 0. Vi | ?, 1a khong gian phan xa nén f
cling khong Fréchet-kha vi tai u = 0.
Vi du 2.7. (Ham Hadamard-kha vi yéu nhung khong Fréchet-kha vi)
Xét X = I'(1) véi ham chudn duge xac dinh x = Z X | n|

n=0
Theo Vi du 1.6, c) trong [5] thi ham chuén . dugc x4c dinh nhu trén 1a Gateaux-kha
vitai cac diém x e I(0) ma x,#0,ne 0 vakhong Fréchet-kha vi tai bat ki diém
nao.
Theo tinh chat cta chuén thi . 1a mot ham Lipschitz, vdy theo Nhan xét 2.4 thi tinh
Gateaux-kha vi va Hadamard-kha vi cta chuan . tring nhau. Vay ham chuan . 1a
Hadamard-kha vi nhung khong Fréchet-kha vi.

Theo [[8], trang 1124] thi trén khong gian I* tinh Gateaux-kha vi va Hadamard-kha
vi yéu ctia mot ham sd trung nhau. Nhu vay ham chuan . 1a Hadamard-kha vi yéu
nhung khong Fréchet-kha vi.

Duéi day 1a két qua vé tinh Géateaux-kha vi va Hadamard-kha vi ctia ham Lipschitz.
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Pinh nghia 2.8. Him f: X — [0 duoc goi 1a Lipschitz dia phuong tai X € X néu
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tdn tai 5> 0 va hang s6 K sao cho
[T (x)—T(%) |IKK. X=X, , VX, X, € B(X,0).
Trong d6 B(x,0) 1a hinh cau mo tAm x béan kinh &.
Vidu2.9.Néu f:X— [J l1a ham Lipschitz dia phuong tai x thi ham f Gateaux-
kha vi tai X khi va chi khi Hadamard-kha vi tai x.
That vay, néu f Hadamard-kha vi tai x thi hién nhién f Gateaux-kha vi tai x.
Nguoc lai, gia st rang f 12 ham Gateaux-kha vi tai x.
Vi f 1a ham Lipschitz dia phuong tai X nén ton tai &, > 0 sao cho

[T (X)—T(X) KK X=X , VX, X, € B(X, ry).

VéiV 1a tap compact trong X, >0 datr =D<9—. ViVc [ |B(xr)
2(K+V,f(x) o
nén ton tai hiru han hinh cau B(x,r),i=1, 2,..., nsao cho V< U"B(x, r).
i 2 i=1 i2

LAy tap hiru han, d6i ximg tdm U chira  X;, X, ,..., X, , theo gia thiét f 1a Gateaux-kha
vi tai X nén ton tai J,> 0 sao cho, véi moit (-6,,8,), moi y €U thi

f(x+ty) —f(x) V. F(X),y £
t ¢ 2

NOi riéng

|f(x+txi)—f(x) — Y f(X),x <§,i:1,...., n.
t © b2
rl

bat §=min{r,r,,5,: .
b 1+ r,+ max{ x Ji=1.,n}

}, voi moi u €V thi ton tai i,5a0

chou e B(x;, r»).
Véimoi te(—0,0) tacd danh gia
X+tu—x =tu-x)+ X, <t|(p+max{ % ,i=1.,n})<r,
va tx, - <r,. Taphan tich
f(x+tu)—f(x)_V LFMU =
t t
f(x+tx)—f(x)
" t

f(x+tu) —f(x+1tx) FV o F(X), X — U

vV oef(¥), %,

Do tinh Lipschitz ctia ham f nén
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<Ku-x <Kr;
io 2

‘f(x+tu)—f(x+tx,0)
t

lai c6 danh gia
KVGf (), Xi—u < Vef(X).r,

Nén

Fx+tw)5f () —vipgu srK+vip)+5<+% _ .
t G 2 ¢ 2 2 2

Vay f la Hadamard-kha vi tai x.

22. Dwéi vi phan S —nhot
Pinh nghia 2.10 [Dinh nghia 2.1, [7]]
Cho f:X — O la mot ham nira lién tuc dudiva  f (X) < +oo. Ta néi rang f 12 kha
duwdi vi phan B— nhét va X 13 mot dudi dao ham B— nhot cua f tai X néu ton tai
mot ham Lipschitz dia phuong g: X — [ saochogla f—trontaiX, V,g(X) =X
va f — g dat cuc tiéu dia phuong tai X.
Ta ky hiéu tap tit ca cac dudi dao ham S — nhét cia f tai x 12 D,f(x) vagoila
dwdi vi phan B — nhot cua f tai X.
Cho f:X— [ lamot ham nira lién tyc trén va  f (X) > —co. Ta néi rang f 12 kha
trén vi phan S — nhdt va X 1a mot trén dao ham B— nhot cia f tai x néu ton tai
mot ham Lipschitz dia phuong g : X — 0 sao cho g la #- tron tai X, V,g(X) =X
va f — g dat cuc dai dia phuong tai X .
Ta ky hiéu tap tit ca cac trén dao ham £ — nhét cia f tai x 14 D;f (x) vagoilatrén
vi phan S — nhot cua f tai X.
Nhén xét 2.11. Trong [[7], Chu y 2.2] céc tac gia da dua ra mot dinh nghia theo gigi
han cta trén vi phan £ — nhét cia f tai X 1a tap 0, (x) nhu sau:
X €0yt (x) néu véi moi £ >0, véi moi V € £, ton tai 7> 0 sao cho

f (x+th) —f (x)

t _

Ta c6 thé kiém tra dugc rang D,f(x) =0, f(x). Trong [5] céc tac gia chi ra rang

x,h >—g Vte(0,7), heV.

D.f(x)=0.f(x) trong truong hop khong gian X ton tai mot ham bump Ia
Lipschitz va Fréchet-kha vi. Tuy nhién hai khai niém nay la khac nhau.

Xét ham f trong Vi du 2.5, datham  g(h) = —|f (h) — f (0) — V. f (O)h|=—| f (h)|.
Khi do
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1) 659(0) = {0};

2) D g(0)=9.
That vay, ta kiém tra dugc Ve9(0)=0 do d6 8.9(0)={0}. Taludnco
D;9(0) = 6,9(0) nén hodc D_g(0) ={0} hoac D_g(0)= . Néu D_g(0) ={0} thi
ton tai ham Lipschitz dia phuong va Gateaux-kha vi k sao cho k (0)=9(0) =0,
V:k(0) =Vs0(0) =0, va k <gtrong mot lan cén cia 0. Vi k la mgt ham Lipschitz
dia phuong va khong gian (% hitu han chiéu nén k 1a Fréchet-kha vi tai 0. Nhu vay

|f(0+h)—f(0)— Vsf(O)H <_k(h)-k(0) _ k(h) —k(O)|.

(i [l [
Do d6 f 1a Fréchet-kha vi tai 0, diéu nay mau thuin véi két qua caa Vi du 2.5.
Pinhli2.12.
1) Néu Bc B thi D f(x) c D f () néi riéng
1 2 P P
D f(x)c D f(x) c D f(x) vdi moi borno .
F Yij G

2) Néu f 1a ham nira lién tyc dudi,  f (x) hiru han va D,f(x), D;f(x) lahai
tap khac rong thi f 12 £ - kha vi tai X.

That vy, giasit X € D'f (x) vax" e D f (x). Khi d6 ton tai cic ham g , g
1 Y 2 Y 1 2

Lipschitz dja phwong va B— tron tai X, X = Vi, 9:(x) va X, = V;0,(x), f-g,dat
cuc dai dia phwong taix,  f—g, datcyc tiéu dia phuongtai  x. Khi do, ton tai
0,,0,> 0 sao cho

f(y) - 9.(y) < £(x) - 9.(x), Vy € B(x,6,)

f(Y)—9.(y) = £(x) - 9,(x), Vy € B(x,5,)
lay 5=min(5,6,) tacd g,(y)—gu(y) < g.(x) —9:(x), ¥y € B(x,6) hay g,—g, dat
cuc tiéu dia phuong tai  x. Theo dinh nghia dudi vi phan 4 —nhoét ta c6 x, e{x}
hay X;= X, goi phan tir nayla x'.
Vig,, 0,13 #—kha vitai Xnén véimoi V e B, moi £>0 tdntai >0 sao cho véi
moit e(-0,0), moiy €V thi

gl(X+tyt)—91(X)_ X, y<eva 92(““?_92()‘)— X,y <e

Suyra

F+)-F0)  xy cAX+N-00) ¥ y<s
t t

va
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f(X+ty)_f(X)_ X*,y Zgz(x"'ty)_gz(x)_ X*,y >—&
t t

f(x+ty) —f(x)
t
3)Néu B, B, vaf la f,-khavi tai x va f kha du6i vi phan  f3,-nhét tai X
thi D,f()={V ,f(x} Diéunaylahién nhién vi néu X'eD, f(x) thi
X e D, f (). Theo dinh nghfa duéi vi phan - nhot, ton tai ham g Lipschitz dia
phuong, B tron tai X, V,40(X) = x.Vagla L — kha vi tai X nén voi moi &> 0,
1 1 1

X,y <¢€.

moi V < B, ton tai >0 sao cho

o I tyz —9()
Mat khac f(x +ty) —f(x) > g(x +ty) —g(x) nén
f(X+ty)_f(X)_ X*,y Zg(x+ty)—g(x)_ X*,y >—c.
t t
f(x+t¥)—f(x)+g.

X,y<e&.

Dodé X,y <

Hamfla - khavitaixnén v, f(x),y >f(x+ti’)‘f(x)_5

suyra x,y -Vf(),y <2 dodo X*ZVplf(x).

4) D f (x) + D" 9(x) = D (f + g)(%).

That viy, ldy peD,f(x),qeD,g(x) khidé ton tai hai ham Lipschitz dia
phuong h,h, saocho h,h, la g-tron tai X, V;h(X)=p,V;h(x)=q va

f—h,g—h, dat cuc tiéu dia phuong tai x.Suyra f+g— (h,+h,) dat cuc tiéu dia
phuong tai X. Do d6 V4 (h wlt h )gx) =p+qe€ D‘(ﬂf +9)(x).

5) D, f(x) 1amot tap 10i.

That viy, véi p,qeD,f(x), ae(0,1). Khido ton tai haiham g, h:X—> ]
Lipschitz dia phuong tai X sao cho g, hla B—trontaix, V,9(x)=p, V;h(x)=q
vaf— g, f—h dat cuc tiéu dia phuong tai X.

fF(y)-g(y) 2 £(x) -9(x), vy € B(x, ), 1)
f(y)—h(y) = f(x) - h(x) Vy € B(x, 1), )
voi r > 0 nao do.
Nhan bit ding thirc (1) véi o va (2) v6i 1— o 10i cong theo vé ta co
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f(y)-[ag+(@1-a)h](y) = f(x) —[ag+(1-a)h](X) Viiy & trong mét I©n cEn chia x.
SuyraV,[ag+ (1- a)h](x) e D f(x), hay ap+ (1- a)q € D f (x).
B B

Theo Nhén xét 2.4 ta ¢ cac két qua sau:

Nhén xét 2.13.
1)Df(X)cD f(x)cD f(x) c D f(x).
F WH H G

2) Néu X 1a khong gian phan xa thi D:f(x)=D, f(x).
3)Néu X=[" thi D f(X)=D f(x) =D f (x).
F WH H

4) Néu X =11 thi D_f (x)=Df (x).
Dudi day la mot sé nhan xét vé dudi vi phép ctia ham 10i. Trudc hét ta nhic lai khai
niém quen thudc vé dudi vi phan cua ham I6i.
Pinh nghia 2.14 ([9], Pinh nghia 1.9). Néu f 1a mot ham 16i x4c dinh trén tap 16i
Cva xeC, dudiviphan ciia ham f tai x 1a tap of (x) gdm tat ca cac phan tir
X e X théamidn x,y-x <f(y)-f(x), VyeC.

Pinh Ii 2.15. Néu f 1a mot ham 16i xac dinh trén tdp 16 Cva X e C, v6i moi borno
Pthitaco D f(x) =D f(x) = of (x).
B G

Churng minh. )
Theo 1) trong Nhan xét 2.12 thi D f (x) < D f (x). Nguogc lai, neux € D" f(x)  thi
s G G

ton tai mot ham Lipschitz dia phwong g saocho g 1a f—trontai x, V g(x) =X
va f — g dat cuc tiéu dia phuong tai X (ta c6 thé xem f (X) = g(x) ). V&imoi y € C
ta co
Xy =% = [im G =X)=90() iy FEHUY=X))-F() (3
-0 t t—0" t
Mit khac, voit €(0,1) ta co biéudién X + t(y —X) = (1— t)x + ty va do f 1a ham 16i
nen

f(x+t(y—x) < (1-1) F(x) +tf (y)
< Fx+t(y =x) =T () <t(f(y) - ()

- f(X+t(yt—X))—f(X)Sf(y)_f(x).

Suy ra

lim f(X“(y—tX))_f(X)s f(y)—f(x). “)

Tu(3)va(4)tacd x,y-x <f(y)-f(x) VyeC.Dodd x eof (x).

Néu x edf (x) thichonham g(X)= X, y—-x +f(x), khidoglamotham
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Lipschitz dia phwong g sao cho g la S~ tron tai X, V,o(x)=xva f-gdatcuc
tiéu dia phuong tai x. Hay X e D, f(x) nénof (x) = D f ().

Mot két qua vé dudi vi phan £ — nhét ciia ham khong tron dugc thé hién trong Dinh
li dudi day. Két qua nay dugc phat biéu cho dudi vi phan £ — nhét, day 13 sy m&
rong cho Pinh li 2.1 trong [10] ma & doé két qua dugc phat biéu cho dudi vi phan
Frechet.

Pinh li 2.16. Cho X 1a mot khong gian Banach véi chudn twong duong v6i chuin

p—tronva f,..., fy: X — [J1a N ham ntra lién tuc dudi, bi chan dudi thoa man:
( N

liminf{>" £, (x,) : diam(x,,..., xy) < 77 b < +o0.
n—0 et
Khi d6, v6i mdi >0, tbntaix € X, n=1,..., Nvax e D f(x ) thoa méan
n n B n n
(i) diam(xl,...,xN).max(l, e )<g,
Xl XN

() S f(x)<inf S .00+ ¢,

n=1 xeX n=1

N
(iii) ZX: <é&.
Chirng minh.

Vi mdi s6 thuc t > 0, ta xac dinh ham w,: X " — [1 cho boi

N N
wt(xl,...,xN):Zlfn(xn)ﬂz X=Xy

n,m=1

bat M,=infw,, khi d6 M, don di¢u tang theo t va bi chan trén boi
N

@ =liminf{ Y f,(x,): diam(xy,..., %) <77 .
)

n—0 et

That vay, voi >0 bat ky, ton tai 1,> 0 sao cho vai moi 0 < < 7, thi
: ]
inf {i f (x,): diam(Xy...x) 57 | <a+e.
n=1

Chon 77 €(0,77 ) théa mén t.N >.5°< &. Khi d6, ton tai y,..,y sao cho
0 1 N

n=1 n=1
N

diam(y,,..., Yy) < nvaZN: f.(y,) < inf{(i f,(x,) : diam(x,,..., Xy) < 77]} +¢.
J

2
Theo cach chon 77 ¢ tréntaco t z Ya—Yn <& Nén

n,m=1
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. o | |
<inf f(x)'diam(x,..,x )S?] +2e< a+ 3¢.

y-y 2 : .
DA WIS M e

n=1 n,m=1 Ln:l J

Do d6 M, <a+3¢, mae>0 batkynén M.< a.
Pit M=limM. Trénkhdng gian tich X"  c¢6 mot chuan twong duong véi mot

t—>+o
chuin S — tron. V&i mdi t > 0 4p dung nguyén 1i bién phan tron [6] cho ham w,  ton
tai mot ham ¢, 161, C'va X, n=1,.,Nsaocho w+ ¢ datcuc tiéu dia phuong tai
E
H(X X ) HV ¢(x LX) <Tva

NN
t t - 1 1
WX ,.,x)<infw+ " <M+". (5)
t 1 N t t t
Véiméin, ham y D w (x',...X ,yv,x' . x)+d K, X ,y,x .. X)
t 1 n-1 n+1 N t 1 n-1 n+1 N

dat cuc tiéu dia phuong tai y = X;. Nhu vay, véin=1,..., N thi

* t t N 2 ¢t - t
X, = —vﬁanﬁ[(xl,...,xN)—thYﬂ - (Xy— Xn) € Dyf (%)) (6)
r * 2
Do donn:—EV ﬂxq?(x;,...,x’:)—ZtXXVﬁ . (x‘n— xt?n.
n=1 ' n=1 " n=1m=1

N
Vi _Zv WA (G ax) <6 VAV, S(KEX)+V (G x), =0 nén
N=

N *
me< €.
N=.

Theo Pinh nghia M,, két hop véi (5) ta cté )

t t t t t? 1 t’ t?
M, 5 < Wip (Xgees X ) = Wi(Xg ey Xy Z X=X <M TS Z X, —
N n,m=1 nm 1
t ot 2 ( l\ ) _ .
Do d(’)tz Xo— Xn< 2| M= M,,,+ |nén_ta c6 két ludn IImtz Xn_xm =0.
n,m=1 t) P24 et
Suy ralim dlam(x N):0.
t—>+o0

Mat khéc ta c6 danh gia VvV, . ? (X) <2. X nén tir cong thirc (6) ta co

X<V g, ., x) +24IV.”
n Xt 1 N
£ t Lt € . t t
<F +2¥ 2 x'-x < +4N dlam(x,...,x )
N L n m N 1 N
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suy ra lim ﬂ<*n1H:OdO d6 lim diam(xtl,...,xtN).max( >1<x . ):0.

t—>+o0 t—>+o0

va lim diam(x‘,...,xt ).max (1, X oy X ):0.
1 N 1,

t—+o0 N¢

Nhu vay, vi @ 1a mot chan trén cuia M, nén ta cd
N

M < liminf %z(xn) : diam(x ,...,x ) Smw f

n—0 1

<liminf > £ (<) = liminf > w (x',..., x') < M
n n t 1 N

t >+o0 t—+o00

\ n=1 n:]_1
do d6 M= Iiminf{i f(x.): diam(xy..., X4) < 77 %
J

n—0 et

N N
Vé&i > 0 batky ta c6 inf{& f (x,): diam(x,,..., Xy) < 77 ; <inf )’ f,(x)

n=1 XeX

suyra M= Iiminf{(ZN: f,(x,) : diam(xy,..., Xy) < 17 1} <inf zN: f, ().

n—0 Ln:l J xeX 1

N
Theo cach xac dinh hamwtacé D f (x')<w (X,..., X'). Tir cong thirc (5) ta ¢6
t n n t 1 N

n=1

1 1
> (%) <M +-<inf Y £ (x) +-

n=1 t xeX n-1, t
Layx=xvax =x,n=1,., N véitdaldn ta co két luan ciia Dinh li.
n n n N
3. KET LUAN

Bai viét dd dua ra mot s6 nhan xét vé L —kha vi, mbi quan h¢ gitra cac f— kha
vi khi céc borno £ c6 mdi quan hé bao ham. Pic biét 1a dua ra mbi quan hé giita cac
dao ham thuong gap nhu: Fréchet, Hadamard yéu, Hadamard, Gateaux. Bén canh do
cling dua ra cac vi du chi ra sy khac nhau giita cac dao ham Fréchet, Hadamard yéu,
Hadamard, Gateaux.

Tuong g véi khai niém £ — kha vi, ta c6 khai niém dudi vi phan £ — nhot,
trén vi phan B — nhot. Bai viét dua ra mot sé nhan xét vé tinh chit dudi vi phan
thudng gap va moi quan hé cua dudi vi phan thuong gip. Trong cac trudng hop dic
biét cia khong gian nén X , hodc ham sd ¢6 tinh chat ham 16i thi mot sé dudi vi phan
trung nhau.

LOT CAM ON: Nghién cuitu dueoc tai tro kinh phi boi Truong Pai hoc Quang Binh
theo Quyeéet dinh so 3228/0D-DHQB ngay 18 thang 11 nam 2016.
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REMARKS ON S — DERIVATIVES AND /f— SUBDIFFERENTIAL

Abstract. This paper presents the connections between different § — derivatives, usual
derivatives; and properties of subdifferential £ — viscosity. We also construct functions
which are differentiable with respect to a f — derivative but not differentiable with
respect to another £ —derivative.

Keywords: £ — differentiable, £ — viscosity, subdifferential, S — viscosity superdifferential.
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